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a b s t r a c t
Given a linear non-discrete topology λ on the integers, we show that there exists a strictly
finer metrizable locally quasi-convex group topology τ on Z such that (Z, λ)∧ = (Z, τ )∧
(algebraically). Applying this result to the p-adic topology on Z, we give a negative answer
to the question of Dikranjan, asking whether this topology is Mackey.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction and notation
In the framework of the theory of topological vector spaces the ‘‘Mackey topology’’ is an important topic. Given a K -
vector space E and a (point-separating) subspace F of L(E, K), the algebraic dual of E, there exists a finest (Hausdorff)
vector space topology µF on E such that µF is locally convex and the topological dual of (E, µF ) is exactly F . The existence
is a direct consequence of the Hahn–Banach theorem: it is the supremum of all locally convex vector space topologies with
topological dual F . If (E, τ ) is a metrizable locally convex vector space and F is the topological dual (E, τ )′ then τ coincides
with µF .
In [8] the analogue of the Mackey topology for locally quasi-convex groups was introduced, and in [5] a categorical
approach is presented.
Given an abelian topological group (G, τ ), the set of all continuous homomorphisms (or equivalently: continuous
characters) χ : G → T, where T denotes the quotient group R/Z (which is topologically isomorphic to the compact
group of complex numbers of modulus 1), forms an abelian group when addition is defined pointwise. It is referred to as the
dual group or character group of G and denoted by (G, τ )∧ or simply G∧ if the topology is clear from the context.
Let H be a subgroup of the homomorphism group Hom(G,T). The coarsest group topology on G with dual H is the
initial topology on G induced by the mapping G → TH , x → (χ(x))χ∈H . This topology will be denoted by σ(G,H). It is
natural to ask whether there exists a finest group topology on Gwith character group H . As in the case of topological vector
spaces, this question is usually restricted to the class of locally quasi-convex groups, a notion introduced by Vilenkin in
[15], which generalized the setting of local convexity in topological vector spaces. For subsets A ⊆ G and B ⊆ G∧ the set
A◃ = {χ ∈ G∧ : χ(A) ⊆ T+} is called the polar of A and B▹ = {x ∈ G : ∀ χ ∈ B χ(x) ∈ T+} is called the prepolar of B,
where T+ = [− 14 , 14 ] + Z. A subset A of an abelian topological group is called quasi-convex if A = (A◃)▹ holds. This means
that for every x /∈ A there exists a continuous character χ ∈ A◃ such that χ(x) /∈ T+; this generalizes the description of
closed, convex, and symmetric subsets in vector spaces given by the Hahn–Banach theorem. An abelian topological group is
called locally quasi-convex if it has a neighborhood basis at the neutral element 0 consisting of quasi-convex sets. Since the
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class of locally quasi-convex groups is stable under taking arbitrary products and subgroups, the topology σ(G,H) is locally
quasi-convex.
Let λ and τ be two locally quasi-convex group topologies on an abelian group G. The topology λ is called compatible
with τ if (G, τ )∧ = (G, λ)∧ holds. Of course, being compatible defines an equivalence relation on the set of all locally quasi-
convex group topologies on a given abelian group G. If H = (G, τ )∧, then the precompact topology σ(G,H) is the coarsest
among all group topologies compatiblewith τ . If there exists a finest locally quasi-convex group topology compatiblewith τ ,
this topology is called theMackey topology for (G, τ ) or for the pair (G,H) and it is denoted byµτ orµH whenH = (G, τ )∧.
In [8] it was shown that if (G, τ ) is a complete andmetrizable locally quasi-convex group, then τ is the Mackey topology.
It is not known whether every locally quasi-convex group admits the Mackey topology.
As mentioned above, for a pair (G,H), the precompact topology σ(G,H) is the coarsest locally quasi-convex group
topology with dual H . So it seems unlikely that a precompact group topology is the Mackey topology—this means also the
finest compatible topology. However, in [6] an example is given for a non-complete metrizable precompact group topology
which isMackey. Thiswas taken up in [13]where itwas shown that for everym ≥ 2 the group (Gm, τm) = (n∈N Z/mZ, τm)
endowed with the topology τm induced by the product is the unique locally quasi-convex group topology with dual
(Gm, τm)∧. In particular, τm is the Mackey topology. The topology τm is linear, which means that it has a neighborhood basis
at 0 consisting of (necessarily open) subgroups. It is trivially seen that every linear group topology is locally quasi-convex.
Since in the vector space case every locally convexmetrizable vector space topology is theMackey topology, the following
questions are natural:
1. Let (G, τ ) be a metrizable locally quasi-convex group. Is τ the Mackey topology?
2. Let (G, λ) be a linear metrizable group. Is λ the Mackey topology?
3. (Dikranjan) Are the p-adic topologies on ZMackey topologies?
Of course, the questions above are of decreasing power.
The first questionwas answered in thenegative in the recent preprint [12]. It is shown there that for a compact, connected,
metrizable abelian group X , the group of null-sequences c0(X) endowed with the topology of uniform convergence τ is
complete, metrizable, and locally quasi-convex, and hence Mackey. It is shown in the paper that the dual group H :=
(c0(X), τ )∧ is countable. Hence the weak topology σ = σ(c0(X),H), is also metrizable, locally quasi-convex, and strictly
coarser than τ and compatible with τ . This shows that (c0(X), σ ) is metrizable, but σ is not the Mackey topology.
In this article we show that a non-discrete Hausdorff linear topology on Z is never theMackey topology; in particular the
p-adic topologies are not Mackey (Theorem 4.7). This gives a negative answer to (3) and shows that (2) is not always true.
(However, the example of the groups Gm above shows that there do exist metrizable linear topologies which are Mackey.)
Now we will sketch the basic idea of how to construct a group topology on Z which is compatible with a given linear
topology λ and strictly finer than λ.
Given a non-discrete Hausdorff linear group topology on the integers Z, there exists a strictly increasing sequence
(bn)n∈N0 ∈ NN0 such that (bnZ)n∈N0 is a neighborhood basis at 0 and b0 = 1, and bn|bn+1 (Proposition 2.1). Conversely, given
such a sequence b = (bn)n∈N0 , the family (bnZ)n∈N0 is a neighborhood basis of a linear group topology on Z, which we will
denote by λb. It is easy to prove that the dual groupHb := (Z, λb)∧ of (Z, λb) can be identifiedwith { kbn +Z : k ∈ Z, n ∈ N0}
(Proposition 2.10). Since λb is precompact, we have λb = σ(Z,Hb). For a prime p and (bn)n∈N0 = (pn)n∈N0 we obtain the
p-adic topology on Z, whose dual is the Prüfer group Z(p∞).
Suppose for the moment that there exists a compatible group topology τb for λb which is strictly finer than λb. All
topologies under consideration are locally quasi-convex. In order to describe the topology, it is sufficient to consider
equicontinuous subsets in the dual: these are subsets of polars of 0-neighborhoods. Indeed, if U is a quasi-convex
neighborhood of 0 then U = (U◃)▹ holds and U◃ is equicontinuous. So let us first have a look on the dual homomorphism
of the continuous identity mapping ι : (Z, τb)→ (Z, λb):
ι∧ : (Z, λb)∧ −→ (Z, τb)∧.
The dual homomorphism ι∧ (which is the identity map) is continuous. We endow the character groups with the compact–
open topology. It is a standard fact that every polar of a neighborhood of 0 is a compact subset in the dual group (see e.g.
(3.5) in [2]) and it is well-known that the equicontinuous subsets in the dual of a precompact group, in particular in the dual
of (Z, λb), are finite (see (2.4) in [12]).
Hence, in order to obtain a compatible topology τb which is strictly finer than λb, the dual group (Z, τb)∧ must contain
closed infinite equicontinuous, and hence compact, quasi-convex subsets. Since ϕ : (Z, τb)∧ → (T, σ (T,Z)), χ → χ(1)
is continuous, for any neighborhood U at 0 in (Z, τb) the sets ϕ(U◃) are also compact in the compact group T (observe that
σ(T,Z) is the usual topology on T). Since a homomorphism (Z, τb)∧ → Twhich maps a neighborhood U of 0 in (Z, τb) to
T+ is continuous, it is straightforward to show that ϕ(U◃) is also quasi-convex in T.
In [13,9,10], and [11], infinite quasi-convex null-sequences in (some) LCA groups have been established. A typical
candidate for a compatible topology could be the topology of uniform convergence on such a null-sequence in T. (For more
details, see the comment at the beginning of Section 3.)
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2. Linear topologies on Z
In this section we recall some results about linear topologies on Z. They give rise in a canonical way to sequences, which
we shall call D-sequences.
First we recall a characterization of linear topologies on Z, since this will motivate the definition of these D-sequences.
Proposition 2.1. The following statements are equivalent:
(1) λ is a non-discrete Hausdorff linear group topology on Z.
(2) There exists a sequence b = (bn)n∈N0 in Z with b0 = 1, bn ≠ bn+1 and bn|bn+1 for all n ∈ N0 such that {bnZ : n ∈ N0} is a
neighborhood basis at 0 in (Z, λ).
Proof. (1)⇒ (2) LetU = (Ui)i∈I be a neighborhood basis at 0 consisting of subgroups. Hence {Ui : i ∈ I} = {bnZ : n ∈ N0}
for suitable bn ∈ N. Without loss of generality we may assume that b0 = 1 and that bnZ ) bn+1Z for all n ∈ N, which is
equivalent to bn|bn+1 and bn ≠ bn+1.
(2)⇒ (1) follows easily from Proposition 1, Chapter III, Section 1.2 in [7]. The induced topology is Hausdorff, since x ∈ bnZ
for all n ∈ N iff bn divides x for all n ∈ N iff x = 0. 
Remark 2.2. (1) Under the conditions of the above proposition, the topology λ is metrizable by the Birkhoff–Kakutani
theorem (see e.g. 3.3.12 in [1]).
(2) Given a sequence b = (bn)n∈N0 as in Proposition 2.1(2), we denote the associated linear topology by λb.
(3) For (bn)n∈N0 = (pn)n∈N0 the topology λb is the p-adic topology.
The representation in Proposition 2.1(2) motivates the following definition.
Definition 2.3. Let b= (bn)n∈N0 be a sequence of natural numbers. We say that b is a D-sequence if b0 = 1 and bn|bn+1 and
bn ≠ bn+1 for all n ∈ N0. We will writeD := {b : b is a D-sequence} andD∞ := {b : b is a D-sequence and bn+1bn →∞}.
Example 2.4. (1) (an)n∈N0 ∈ D \D∞ for every a ∈ N \ {1}.
(2) ((n+ 1)!)n∈N0 ∈ D∞.
(3)

an
2

n∈N0
∈ D∞ for every natural number a > 1.
Remark 2.5. (1) Obviously, every subsequence of a D-sequence bwhich contains b0 is a D-sequence.
(2) Let b be a D-sequence. Inductively, since bn+1bn ≥ 2, we have bn+k ≥ 2kbn for all n, k ∈ N0.
(3) For a D-sequence bwe have

n≥j
1
bn
≤ 2
bj
∀ j ∈ N0.
[Only (3) needs to be shown. We have

n≥j
1
bn
=
∞
k=0
1
bj+k
(2)≤
∞
k=0
1
bj
1
2k
= 1
bj
∞
k=0
1
2k
= 2
bj
for all j ∈ N0.]
Since every non-trivial subgroup of Z has finite index, we have:
Proposition 2.6. Let b be a D-sequence. Then (Z, λb) is precompact.
Recall that every precompact topology is the weak topology induced by its dual.
Lemma 2.7. Let b be a D-sequence and let c ∈ D be a subsequence. Then λb = λc.
Proof. Since c is a subsequence of b we have that {cnZ : n ∈ N0} ⊆ {bnZ : n ∈ N0} and hence λc ≤ λb. Conversely, for
n ∈ N, there exist m ∈ N and nm ∈ N such that cm = bnm > bn and hence bn|bnm = cm, which implies cmZ ⊆ bnZ. This
shows that λc ≥ λb. 
Proposition 2.8. For every b ∈ D there exists c ∈ D∞ such that λb = λc.
Proof. We shall define recursively a suitable subsequence c. Fix c0 = b0 = 1 and c1 = b1. Given c0, . . . , cn we define cn+1
in the following way: For i such that cn = bi there exists j ∈ N0 such that bjbi > cncn−1 ; or equivalently,
bj
cn
> cncn−1 . Define
cn+1 := bj. This implies that cn+1cn > cncn−1 . Since cncn−1 ∈ N, we have
cn+1
cn
→ ∞. Hence c ∈ D∞. By Lemma 2.7, we have
λb = λc. 
For the sake of completeness, we recall here the structure of the dual of (Z, λb). Therefore, we introduce the following
notation:
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Notation 2.9. For every b ∈ D and every n ∈ N0, we define
ξ bn : Z→ T, k →
k
bn
+ Z.
If no confusion can arise, we simply write ξn instead of ξ bn . Of course, ⟨{ξ bm : m ∈ N}⟩ =

m∈N⟨ξ bm⟩ holds where ⟨·⟩ denotes the
generated subgroup.
Proposition 2.10. For b = (bn) ∈ D , (Z, λb)∧ = ⟨{ξ bn : n ∈ N}⟩ holds. In particular, λb is the weak topology, that is the
coarsest topology which makes all characters χ ∈ (Z, λb)∧ continuous. Furthermore, every equicontinuous subset of (Z, λb)∧ is
finite.
Proof. Fix n ∈ N and χ ∈ (bnZ)◃. Since χ(bnZ) is a subgroup contained in T+, this yields χ(bnZ) = {0+Z}. For x ∈ R such
that χ(1) = x+ Z, this implies bnx+ Z = χ(bn) = 0+ Z and hence there exists k ∈ Z such that x = kbn . So (bnZ)◃ ⊆ ⟨ξ bn ⟩.
In particular, this set is finite.
Nowwe show that (Z, λb)∧ ⊆ ⟨{ξ bn : n ∈ N}⟩ holds. Fixχ ∈ (Z, λb)∧. Sinceχ is continuous, there exists a neighborhood
bnZ such that χ(bnZ) ⊆ T+. As shown above, this implies that χ ∈ ⟨ξ bn ⟩ ⊆ ⟨{ξ bm : m ∈ N}⟩.
Conversely, fix n ∈ N0 and k ∈ Z. The kernel of the homomorphism χ = kξ bn : Z → T, l → klbn + Z, contains the
neighborhood bnZ and therefore, χ is continuous. Since k and n were arbitrary, the assertion follows. By Proposition 2.6,
(Z, λb) is precompact. This implies that λb is the weak topology induced by ⟨{ξ bn : n ∈ N}⟩. 
Proposition 2.11. Let (bn)n∈N0 be a D-sequence and consider a sequence of integers (lj)j∈N. Then the following conditions are
equivalent:
(1) lj → 0 in λb.
(2) For every n ∈ N, ξ bn (lj)→ 0+ Z.
(3) For every n ∈ N there exists jn such that bn|lj for all j ≥ jn.
In particular, (bn) converges to 0 in λb.
Proof. (1)⇐⇒ (2) holds because of Proposition 2.10.
(1)⇐⇒ (3): (lj) converges to 0 in λb iff for every n ∈ N there exists jn such that lj ∈ bnZ for all j ≥ jn. This condition is
equivalent to bn|lj for all j ≥ jn.
The additional assertion follows immediately, since b is aD-sequence. 
Definition 2.12 (Protasov, Zenlenyuk; Barbieri, Dikranjan, Milan, and Weber;[16,4]). Let G be a an abelian group. We say that
a sequence u= (un) ∈ GN is a T -sequence if there exists a Hausdorff group topology on G in which (un) converges to zero.
We denote by TG the set of all T -sequences in G. If there exists a precompact Hausdorff group topology on G in which (un)
converges to 0, the sequence is called a TB-sequence. The set of all TB-sequences in G is denoted by T BG.
As a consequence of Propositions 2.6 and 2.11, we obtainD∞ ⊆ D ⊆ T BZ ⊆ TZ.
3. Constructing topologies of uniform convergence associated with a D-sequence
The aim of this section is to construct a locally quasi-convex group topology which is strictly finer than λb where b is a
D-sequence.
As explained in the introduction, it is necessary to find a compact and quasi-convex subset of T contained in
Hb = (Z, λb)∧.
A first attempt was made in [13], where several quasi-convex null-sequences in the Prüfer group Z(2∞) ⊆ T have been
presented. This was taken up in [9–11] where quasi-convex sequences in locally compact abelian groups have been studied.
Let Sb = { 1bn + Z : n ∈ N} where b ∈ D∞. In [13], the topology of uniform convergence on a quasi-convex
null-sequence contained in Z(2∞) was introduced and basic properties have been established. Here we consider the
topology τb of uniform convergence on Sb. The main theorem of this article (Theorem 4.4) asserts that if b ∈ D∞, then
(Z, τb)∧ = ⟨{ 1bn + Z : n ∈ N}⟩ = (Z, λb)∧. As a consequence, we obtain that a non-discrete Hausdorff linear topology on Z
is never Mackey.
In [10], conditions for the set±Sb∪{0+Z} are given such that it is quasi-convex. However, in order that τb be compatible
with the weak topology σ(Z, (Z, λb)∧) = λb, not only±Sb ∪ {0+ Z}, but also (Sb
n summands+ . . .+ Sb)▹◃ must be compact subsets
of T contained in (Z, λb)∧ for all n ∈ N.
Indeed, let Sb ⊆ U◃ for a suitable 0-neighborhood U . For every n ∈ N there exists a quasi-convex neighborhood W of
0 such that W
n summands+ . . .+ W ⊆ U and hence Sb ⊆ U◃ ⊆ (W
n summands+ . . .+ W )◃. It is straightforward to check that for x ∈ W
and χ ∈ Sb one has χ(x) ∈ [− 14n , 14n ] + Z and hence Sb
n summands+ . . .+ Sb ⊆ W ◃. Since W ◃ is quasi-convex, we obtain that
the quasi-convex hull qc(S
n summands+ . . .+ S) of Sb
n summands+ . . .+ Sb (the smallest quasi-convex set containing Sb) is contained in W ◃.
However, up to now, there is no algorithm known for constructing such compact sets.
We start with recalling some properties of the topology of uniform convergence.
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Proposition 3.1. Let G be a topological group, and ∅ ≠ S ⊆ Hom(G,T). We denote byTn = [− 14n , 14n ]+Z. (Note thatT1 = T+
holds.) The familyUS = (

χ∈S
χ−1(Tn) : n ∈ N)n∈N forms a neighborhood basis at 0 for a locally quasi-convex group topology,
which we denote by τS . It is called the topology of uniform convergence on S. This topology is Hausdorff iff S separates the points
of G (i.e. for every x ∈ G \ {0} there exists χ ∈ S with χ(x) ≠ 0+ Z).
Proof. Define Un :=

χ∈S
χ−1(Tn). The family (Un) is a decreasing sequence of symmetric sets containing 0. The inclusion
T2n + T2n ⊆ Tn yields that U2n + U2n ⊆ Un. This shows that (Un) forms a neighborhood basis at 0 of a group topology
(Proposition 1, Chapter III, Section 1.2 in [7]). Furthermore, τS is a Hausdorff topology iff

n∈N Un =

χ∈S χ−1({0}) = {0},
or equivalently, if S separates the points of G.
Finally, it remains to be shown that the sets Un are quasi-convex. This is an easy consequence of the following facts:
Intersections and inverse images under continuous homomorphisms of quasi-convex sets are quasi-convex (see e.g. (6.2) in
[2]). It is straightforward to check that the sets Tm are quasi-convex. Hence the assertion follows. 
Now we consider a particular family of topologies of uniform convergence for the group Z.
Notation 3.2. Given a D-sequence b= (bn), we denote the topology of uniform convergence on the set {ξ bn : n ∈ N} ⊆ Z∧
(where ξ bn : Z→ T, k → kbn + Z) by τb. Further, we define
Vb,m = {k ∈ Z : kbn + Z ∈ Tm for all n ∈ N} = {k ∈ Z : ξ
b
n (k) ∈ Tm for all n ∈ N}.
Then, according to Proposition 3.1, (Vb,m)m∈N is a neighborhood basis at 0 for (Z, τb) consisting of quasi-convex sets. Note that
Vb,1 = {ξ bn : n ∈ N}▹.
Remark 3.3. The topology τb is Hausdorff: if k is an integer belonging to

m∈N Vb,m, then
k
bm
+ Z = 0 + Z for all m ∈ N;
hence bm divides k for all m ∈ N and so k = 0. By the Birkhoff–Kakutani theorem, τb is metrizable. It is straightforward to
see that the mapping j : (Z, τb) → c0(T), m → ( mbn + Z) is an embedding when c0(T) is endowed with the topology of
uniform convergence on N.
Remark 3.4. Let b be a D-sequence. It can be shown that if

bn+1
bn

is bounded then τb is discrete.
Indeed, suppose that bnbn+1 >
1
M for a suitable natural numberM . For every k ∈ Z \ {0} there is a unique n ∈ N0 such that
bn
4 ≤ |k| < bn+14 =⇒ 14M < bn4bn+1 ≤
|k|
bn+1 <
1
4 .
This shows that k /∈ Vb,M or equivalently that Vb,M = {0}.
Proposition 3.5. Let (lj)j∈N be a sequence of integers. Then the following conditions are equivalent:
(1) lj → 0 in τb.
(2) (ξ bn (lj))j∈N converges uniformly in n to 0+ Z ∈ T.
(3) For every m ∈ N, there exists jm ∈ N such that for all n ∈ N and all j ≥ jm ljbn + Z  
=ξ bn (lj)
∈ Tm holds.
Proof. The sequence (lj) converges to 0 in τb iff for every m ∈ N, there exists jm such that for all j ≥ jm we have lj ∈ Vb,m.
The last condition is equivalent to ξ bn (lj) ∈ Tm for all n ∈ N and all j ≥ jm. This shows the equivalence between (1) and (2).
Since ξ bn (lj) = ljbn + Z, the equivalence with (3) is also clear. 
Corollary 3.6. For b ∈ D , the following statements are equivalent:
(1) b ∈ D∞.
(2) bj
τb→ 0.
Proof. (1)=⇒ (2): Fixm ∈ N. Since bjbj+1 → 0 in R, there exists jm such that
bj
bj+1 ≤ 14m for all j ≥ jm. Choose j ≥ jm.
If n ≤ j, then bjbn + Z = 0+ Z ∈ Tm.
If n > j, then
 bjbn  ≤ bjbj+1 ≤ 14m , which implies that bjbn + Z ∈ Tm for all n ∈ N and j ≥ jm. Combining these facts, we
conclude from Proposition 3.5 that (bj) converges to 0 in τb.
(2)=⇒ (1): assume that (bj) converges to 0 in τb. This implies that for givenm ∈ N there exists jm ∈ N such that bjbn +Z ∈ Tm
holds for all j ≥ jm and all n ∈ N. In particular bjbj+1 +Z ∈ Tm for all j ≥ jm. This is equivalent to
bj
bj+1 ≤ 14m , so (1) follows. 
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Proposition 3.7. For every D-sequence b, the topology τb is strictly finer than λb. In particular, id : (Z, τb) → (Z, λb) is a
continuous isomorphism.
Proof. Since both topologies are metrizable, it is sufficient to consider sequences. So let (lj)j∈N be a sequence which
converges to 0 in τb. According to Proposition 3.5, ξ bn (lj) converges uniformly in n to 0 + Z, in particular it converges
pointwise. So it is a consequence of Proposition 2.11 that (lj) converges to 0 in λb.
In order to prove that τb is strictly finer than λb, we consider equicontinuous subsets in the dual. According to
Proposition 2.10, all equicontinuous subsets of (Z, λb)∧ are finite. However, it is straightforward to check that { 1bn + Z :
n ∈ N} ⊆ V ◃b,1 ⊆ V ◃b,m for allm ∈ N. Since { 1bn + Z : n ∈ N} is infinite, these two topologies cannot coincide and hence τb is
strictly finer than λb. 
Since id : (Z, τb)→ (Z, λb) is continuous, every λb-continuous character is τb-continuous; hence we obtain:
Corollary 3.8. (Z, λb)∧ is a subgroup of (Z, τb)∧.
4. The dual group of (Z, τb) for b ∈ D∞
The aim of this section is to determine the dual of (Z, τb) for all sequences b ∈ D∞.
Proposition 4.1. Let m ∈ N. If the integers k0, . . . , kN satisfy
kj ≤ 18m · bj+1bj for all 0 ≤ j ≤ N, then k =
N
j=0
kjbj ∈ Vb,m.
Proof. By assumption, we have
| kj | bj
bj+1
≤ 1
8m
for all j ∈ N0. Hence, for 1 ≤ n ≤ N we obtainn−1
j=0
kjbj
bn
 ≤ n−1
j=0
bj+1
bn
| kj | bj
bj+1
≤ 1
8m
n−1
j=0
bj+1
bn
2.5≤ 1
8m
n−1
i=0
1
2i
≤ 1
4m
.
This yields ξbn (k) =
k
bn
+ Z = 1
bn
N
j=0
kjbj + Z = 1bn
N∧(n−1)
j=0
kjbj + Z ∈ Tm for all n ∈ N. So the assertion follows. 
In [3] a proof of the following lemma can be found:
Lemma 4.2. For any x ∈ − 12 , 12 , there exists a representation x =
n∈N
dn
bn
, where |dn| ≤ bn2bn−1 and dn ∈ Z for all n ∈ N.
Lemma 4.3. Let b = (bn)n∈N0 be a D-sequence and let x =

n∈N
dn
bn
be as in Lemma 4.2. For
bjx+ Z =

n≥j+1
bj
dn
bn
+ Z = bj dj+1bj+1 + bj
dj+2
bj+2  
=:ej
+ bj

n≥j+3
dn
bn  
=:εj
+Z
the following estimates hold for all j ∈ N0:
1. |ej| ≤ 34 ,
2. if dj+1 ≠ 0, then |ej| ≥ bj2bj+1 , and
3. |εj| ≤ bjbj+2 .
Proof. (1) We have |ej| ≤ bj |dj+1|bj+1 + bj
|dj+2|
bj+2
4.2≤ 1
2
+ bj
2bj+1
≤ 3
4
.
(2) Let dj+1 ≠ 0; then |ej| ≥ bj
 |dj+1|
bj+1 −
|dj+2|
bj+2
 4.2≥ bj  |dj+1|bj+1 − 12bj+1  ≥ bj2bj+1 .
(3) We have |εj| ≤ bj

n≥j+3
|dn|
bn
4.2≤ bj

n≥j+3
1
2bn−1
= bj
2

n≥j+2
1
bn
2.5(3)≤ bj
2
· 2
bj+2
= bj
bj+2
. 
Theorem 4.4. For b ∈ D∞ we have (Z, τb)∧ = ⟨{ξ bn : n ∈ N}⟩ = (Z, λb)∧.
Proof. It follows from Corollary 3.8 and Proposition 2.10 that (Z, τb)∧ ≥ (Z, λb)∧ = ⟨{ 1bn + Z : n ∈ N}⟩ holds.
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In order to prove the other inclusion, we fix χ ∈ (Z, τb)∧. Let
− 12 , 12  ∋ x = ∞n=1 dnbn (as in Lemma 4.2) satisfy
χ(1) = x+ Z.
Claim. The sequence (ej)j≥0 :=

bj
dj+1
bj+1
+ bj dj+2bj+2

j≥0
converges to 0 in R.
Proof of the Claim. Since by Lemma 4.3 we have |ej| ≤ 34 , it is sufficient to show that ej + Z→ 0+ Z in T.
By Corollary 3.6, (bj) tends to 0 in τb. Hence the continuity of χ implies that χ(bj) = bjx + Z = ej + εj + Z −→ 0 + Z
for j →∞ in T.
Since by Lemma 4.3 |εj| ≤ bjbj+2 =
bj
bj+1
bj+1
bj+2 , the assumption that b ∈ D∞ implies that the sequence (εj) converges to 0 in
R. Together with limj(ej + εj)+ Z = 0+ Z this yields that (ej + Z) tends to 0+ Z in T, which proves the claim. 
Suppose that A := {j ∈ N : dj+1 ≠ 0} is infinite. Since χ ∈ (Z, τb)∧, there exists m ∈ N such that χ ∈ V ◃b,m. In order to
obtain a contradiction, we want to find an integer k ∈ Vb,m such that χ(k) = xk+ Z /∈ T+.
By the claim and the hypothesis b ∈ D∞ there exists j0 such that for all j ≥ j0
(a)
ej < 196m and (b)
 bjbj+1
 < 16
hold.
For j ∈ Awith j ≥ j0 we define kj :=

1
16m|ej|

sign(ej). Observe that by Lemma 4.3(2), ej ≠ 0 for all j ∈ A.
We have kjej =

1
16m|ej|

|ej|, which implies kjej ≤ 116m .
On the other hand, kjej ≥

1
16m|ej| − 1

|ej| = 116m − |ej|
(a)
>
1
16m
− 1
96m
= 5
96m
.
Furthermore, we have
|kjεj|
4.3(3)≤ 1
16m|ej| ·
bj
bj+2
4.3(2)≤ 1
16m
· 2bj+1
bj
· bj
bj+2
= 1
8m
bj+1
bj+2
(b)
<
1
8m
· 1
6
= 1
48m
.
Combining these estimates, we obtain
1
32m
= 5
96m
− 1
48m
< kj(ej + εj) < 116m +
1
48m
= 1
12m
. (∗)
We choose a subset J of A ∩ {j : j ≥ j0} containing exactly 8m elements and define k :=j∈J kjbj. Since kjbjbj+1
 ≤ 116m|ej| · bjbj+1 4.3(2)≤ 116m · 2bj+1bj · bjbj+1 = 18m ,
we obtain that k ∈ Vb,m (Proposition 4.1) and χ(k) =j∈J kjbjx+ Z =j∈J kj(ej + εj)+ Z. From (∗) we conclude that
1
4
<

j∈J
kj(ej + εj) < 23 <
3
4
,
which yields χ(k) =j∈J kjbjx+ Z =j∈J kj(ej + εj)+ Z /∈ T+. This is the desired contradiction.
So A is finite and hence χ ∈ ⟨{ξbn : n ∈ N}⟩. 
Definition 4.5. Recall that a subgroup H of a topological group G is called dually embedded if every continuous character
χ ∈ H∧ can be extended to a continuous character in G, i.e. there existsχ ∈ G∧ such thatχ |H = χ .
Corollary 4.6. The image under the inclusion j : (Z, τb)→ c0(T), m → ( mbn + Z)n∈N is dually embedded if b ∈ D∞.
Proof. It was shown in [14] that the dual group of c0(T) is of the form {Nn=1 knπn : kn ∈ Z, N ∈ N}where πn : c0(T)→ T
denotes the projection on the nth coordinate and knπn((xm+Z)) = knxn+Z. Fix a continuous characterχ ∈ j(Z)∧. According
to 4.4, there is n0 ∈ N and k ∈ Z such that χ(j(m)) = m · kbn0 + Z. The continuous character k · πn0 extends χ. 
Theorem 4.7. Let λ be a non-discrete Hausdorff linear topology on Z; then λ is not Mackey. In particular the p-adic topologies
are not Mackey.
Proof. Since λ is not discrete, λ = λb for some b ∈ D (Proposition 2.1). According to Proposition 2.8, there exists c ∈ D∞
such that λb = λc. By Theorem 4.4, we have (Z, τc)∧ = (Z, λc)∧ = (Z, λb)∧. Since λb = λc 3.7< τc, the linear topology λb is
not the Mackey topology. 
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5. Open questions
Question 5.1. Let b ∈ D . Does there exist the Mackey topology for the pair (Z, ⟨{ 1bn + Z : n ∈ N}⟩)?
If it exists, it must be finer than all τc where c ∈ D∞ and λc = λb.
Question 5.2. Fix b ∈ D . Is sb := sup{τc : c ∈ D∞, λc = λb} a compatible group topology?
If this is true, the following question arises:
Question 5.3. Is sb the Mackey topology?
The following four questions of decreasing power have been suggested by Dikran Dikranjan:
Question 5.4. Is there any metrizable locally quasi-convex group topology on Zwhich is Mackey?
Question 5.5. Is there any metrizable precompact group topology on Zwhich is Mackey?
Question 5.6. Is there any metrizable precompact Mackey group topology on Z which does not have proper open
subgroups?
Question 5.7. Let α be an irrational number and denote by λα the initial topology induced on Z by the mapping Z → T,
k → αk+ Z. Is λα Mackey?
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